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Abstract
We find all of the binary codes constructed from the primitive permutation representation of the
projective symplectic group S (2)of degree 255. It is shown that in total we have 76 non - trivial and
non - isomorphic codes. The properties of the codes with small dimension are given and links with
modular representation theory established. Further from the support of the codewords, we construct
the 1 and 2 - designs associated to the code and the graphs of the designs.
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Introduction
Let G be a permutation group, Ω a finite set and a field. The vector space over with basis Ω is
considered as an G - module. It is often of considerable interest to consider the structure of the
permutation module Ω . The G - invariant submodules of Ω can be regarded as linear codes in Ω
and one may therefore ask for the weight distribution and the partioning of the code into G - orbits.
To a greater extent, this paper fits into a programme outlined in [13], in that we determine binary
codes invariant under a prescribed permutation group. In this paper, using a modular representation
theoretic approach, we construct from the primitive permutation representation of degree 255 of the
simple projective symplectic group S (2) irreducible submodules of the permutation module Ω . In
the theorem given below, we summarize our results. The specific results relating to the codes and
designs held by the supports of the codewords are given as propositions in the sections that follow.

Theorem 1.1
Let G be the simple projective symplectic groupS (2). In its natural action as a primitive rank 3 group
of degree 255 on the points of the projective space PG(7, 2), a permutation module of dimension 255
invariant under G is formed. The permutation module splits into 80 submodules of which we obtain
76 non - trivial and non isomorphic binary linear codes. Let  be the design held by orbiting the
codewords of weight w under G in the code C, .Let M = {127, 128} and N= {119, 120, 136, 137}.
Then,
i)

The codes [255, 8, 128] and [255, 9, 127] are optimal codes.

ii) The codes [255, 8, 128] and [255, 9, 120] are doubly even and self orthogonal.
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iii) The codes [255, 8, 128] and [255, 9, 119] are projective codes whose duals are 1 error correcting
codes.
iv) The automorphism group of the codes [255, 8, 128] and [255, 9, 127] is the group  (2) and the
automorphism group of the codes [255, 9, 119], [255, 9, 120] and [255, 10, 119] is  (2).
v) For  ∈  the automorphism group of the 1 - design

vi) For  ∈  the automorphism group of the 2 – design

vii) For  ∈  the automorphism group of the 1 - design





is  (2).

is  (2).

is  (2).

viii) The minimum weight of the code ,! for i = 1, 2, . . , 5 is the block size of the geometrical 1 –
design. Thus a basis of minimum words exists.
The paper is organized as follows: in section 2 we outline our background and notations. In section 3
we describe the methodology applied for obtaining the binary codes. In section 4 we give a brief but
complete overview description of the projective symplectic group S (2). In section 5 we describe the
codes of small dimension of the representation of degree 255. In section 6 we describe the designs
held by the codes obtained in section 5 and their respective graphs in section 7.

Terminology and Notations
We assume that the reader is familiar with some basic notions and elementary facts from design,
coding and graph theory. Our notation for groups and codes is standard and it is as in [6] and ATLAS
[2]. For the structure of groups and their maximal subgroups we follow the ATLAS [2]. The group
G.H, G∙Hand G:H denote a general extension, a non- split extension and a split extension respectively.
Given a prime p, the symbol pr denotes an abelian group of that order. If G is finite group acting on a
finite set Ω, the set # Ω, is the vector space o # verwith basis Ω is called an # G permutation module if
the action of G is extended linearly on Ω. An incidence structure = (%, ℬ, ℐ)with point set%, block
set ℬand incidenceℐ = % × ℬ is a t – (v, k, λ) design if |%| = v, every block B ∈ ℬ is incident with the
k points and every t distinct points in %are together incident with λ blocks. The design is symmetric
if it has the same number of points and blocks. An automorphism of a design is a permutation on %
which sends blocks to blocks. The set of all automorphisms of
forms its full automorphism group
denoted by Aut ( ).The code C of the design
over a finite field is the space spanned by the
incidence vectors of the blocks over # . The weight enumerator of C is defined as ∑0∈1 x /(0) . If a
linear code C over a field of order q is of length n, dimension k and minimum distance d, then we say
C is a [n, k, d] q – ary code. The dual or orthogonal code C 2 is the orthogonal under the standard
inner product.A code C is self orthogonal if C ⊂ C 2 and self dual if C = C 2 . The hull of a code is the
intersection of C and C 2 . If u ∈ C is a codeword, then the support of u is the set of non – zero
coordinate positions of u. A two – weight code C is a code which has exactly two non – zero weights.
The dual of a two – weight code belongs to the important family of uniformly packed codes. The all
one vector will be denoted by 1. It is a constant vector of weight equal to the length of the code whose
coordinate entries consist of entirely 1’s. A binary code is doubly even if all its code words have
weight divisible by four. Two linear codes are isomorphic if they can be obtained from one another by
permuting the coordinate positions. An automorphism of a code is any permutation of the coordinate
positions that maps code words to code words and is denoted by Aut (C).
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Terminology for graphs is standard and our graphs are undirected. The valency of a vertex is the
number of edges incident with the vertex, the girth of a graph is the number of edges in the smallest
cycle of the graph and the diameter of a graph is the length of the longest path in the graph. In a
regular graph, all the vertices have the same valence. A regular graph is strongly regular of type
n, k, λ, μ if it has n vertices, valence k, and if any two adjacent vertices are together adjacent to λ
vertices, while any two non adjacent vertices are together adjacent to μvertices.

Preliminary Results
Our interest is to find all the G - invariant codes from the primitive permutation representation of
degree 255. In so doing we consider the permutation module obtained from the action of the group on
the cosets of its maximal sub modules. Given a permutation group G acting on a set Ω, over a finite
field , the vector space over with basis Ω is considered as an G − module. The G - invariant sub
modules of Ω are the linear codes in Ω. This approach provides the determination of all binary
codes invariant under a given group G more directly since we obtain an explicit basis of the code. We
have developed a series of computer programs in MAGMA to search for modules under the group
and also used the recursive searches in MEAT-AXE to help determine the irreducibility of the
module, subsequently obtaining a chain of maximal sub modules which constitute the binary codes
invariant under G. An in-depth use of the database of irreducible faithful representations available in
MAGMA and Wilson's webpage together with the Brauer character tables and the ATLAS of finite
groups is widely used. Once the isomorphic copies are eliminated, a lattice of sub modules is
obtained. This in a way answers to the problem of enumeration and classification.
Given a representation ϑ ∶ G → GL (n,

), V =

@∑B ∈D αB gE. v ∶= ∑B ∈D αB g ϑ(g)(v), v ∈ V[29]

?

is converted into an G – module by

From the definition of linear codes as subspaces of ? for a finite field , it follows that linear codes
are simply G − submodules. Hence for any permutation group G, the G – invariant codes are exactly
the G − submodules of ? . For a field , the representations of G correspond to the finite dimensional
G − modules.
Lemma 3.1 [9, 16]
Let G be a finite group and Ω a finite G – set. Then the FG – sub modules of
codes. That is, the G – invariant subspaces of Ω.

Ω are the G – invariant

In this paper, we have used lemma 3.1 to construct codes and associated combinatorial structures for
the representations of degree 255.

The Projective Symplectic Group
The linear, unitary, symplectic and orthogonal groups generalize the familiar classical groups, whose
description involves heavy use of the properties of finite fields. The general linear group GL? (q) is
made up of all the n × n matrices with entries in F# that have non-zero determinant. GL? (q)is the
group of all linear automorphisms of an n dimensional vector space over F# . The special linear group

SL? (q) is the subgroup of all n × n matrices with determinant 1.For an even number the symplectic
group Sp? (q) is defined as the group of all elements of GL? (q) that preserve a nonsingular form
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f(x, y). Any such matrix has determinant 1 so that the general and the special symplectic groups
coincide.
0
I?
O. The symplectic group of rank n over F is defined to be; Sp? (q) = Pg ∈ M? (F) ∶
−I? 0
g / Jg = JR . It is evident that Sp? (q) is a subgroup of GL? (q). Given that m = 2n, the projective
symplectic group of order m in a finite field # is denoted by S (q), which is the standard ATLAS
J= L

Let

notation. This is the notation used throughout this work.
Let G be the projective symplectic groupS (2). The order of G is 47377612800 = 2Z[ . 3 . 5 .7. 17.
Using ATLAS G has 11 distinct primitive representations of degree 120, 136, 255, 2295, 5355, 5440,
11475, 13056, 24192, 45696 and 19353600.
The representations and orbit lengths of G are shown in Table 1. The first column gives the maximal
subgroups as given by the ATLAS [2], the second column shows the degree (the number of cosets of
the point stabilizer), the third indicates the number of orbits and the last column gives the size of the
orbits of the point stabilizer.

Maximal subgroups of  ()
Maximal subgroups
O ^ (2): 2
`

O (2): 2
2a : S[ (2)
2 : A
Zb

2

d`

∶ ( Sd × S[ )

Sd × S[ (2)

2[`[ ∶ (Sd × Ld (2) )
SZb
Se (4): 2

(S[ × S[ ): 2

Degree

Number

Orbit Lengths

120

2

1, 119

136

2

1, 135

255

3

1, 126, 128

2295

5

1, 30, 280, 960, 1024

5355

6

1, 90, 96, 240, 2048, 2880

5440

5

1, 189, 336, 1890, 3024

11475

7

1, 42, 56, 896, 1008, 4096, 5376

13065

5

1, 210, 1575, 5600, 5670

24192

8

1, 85, 136, 850, 1360, 3400, 8160, 10200

45696

9

1, 200, 225, 1350, 3600, 3600, 4320, 16200, 16200

Table 1 Maximal subgroups of S (2) of degree ≤ 45696

The Codes
The stabilizer of a point of the action of S (2) on the set of points of the projective space PG (7, 2) is
the group 2a : S[ (2) which is maximal in G. The elements being permuted by G are points of the
projective space PG (7, 2). We get a permutation representation of degree 255. From table 1, S (2) acts
primitively as a rank - 3 group of degree 255 on the cosets of 2a : S[ (2)with orbits of lengths 1, 126 and
128. By lemma 3.1 we form a permutation module of dimension 255 invariant under G and its
subsequent sub modules. The permutation module splits into absolutely irreducible constituents of
dimension 1, 8, 16, 26 and 48 with multiplicities 7, 4, 1, 4 and 2 respectively. Working recursively and
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filtering out isomorphic copies of maximal sub modules, we find that the permutation module has a
total of 80 sub modules of dimensions 0, 1, 8, 9, 10, 35, 36, 37, 44, 45, 84, 85, 86, 92, 93, 94, 118, 119, 120,
121, 134, 135, 136, 137, 161, 162, 163, 169, 170, 171, 210, 211, 218, 219, 220, 245, 246, 247, 254 and 255.
The lattice of the sub modules is shown in figure 1. From this we obtain in total 76 non - trivial binary
codes of length 255 whose dimensions are 8, 9, 10, 35, 36, 37, 44, 45, 84, 85, 86, 92, 93, 94, 118, 119, 120,
121, 134, 135, 136, 137, 161, 162, 163, 169, 170, 171, 210, 211, 218, 219, 220, 245, 246 and 247 summarized
in table 2.
Dimension
#
Dimension
#
Dimension
#
8
1
93
3
163
1
9
3
94
1
169
1
10
1
118
1
170
3
35
1
119
7
171
1
36
3
120
7
210
1
37
1
121
1
211
1
44
1
134
1
218
1
45
1
135
7
219
3
84
1
136
7
220
1
85
3
137
1
245
1
86
1
161
1
246
3
92
1
162
3
247
1
Table 2: Dimensions of the 76 non – trivial and non – isomorphic codes

The Binary linear codes hii,j
The permutation module breaks into 80 sub modules which gives us 76 non-trivial and non –
isomorphic codes whose dimensions are shown in the table 2.
Code
C,Z
C,
C,d
C,e
C,

Parameters
k255, 8, 128l
k255, 9, 119l
k255, 9, 127l
k255, 9, 120l
k255, 10, 119l

Dual Code Parameters
k255, 247, 3l
k255, 246, 3l
k255, 246, 4l
k255, 246, 3l
k255, 245, 4l

Table 3: Parameters of codes with small dimension in the 255 representation
For any permutation representations of degree n, we denote the constructed codes byC?,Z , C?, , … , C?,
if r codes are obtained and by C? if we only have one code up to isomorphism.
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Figure 1: lattice diagram for representation 255
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In this section we discuss the first five codes with small dimension shown in the table 3. Due to
computational limitations, we could only get the weight distribution of the 5 codes.The weight
distribution is shown in table 4.
Nane
Dim
0
119
120
127
128
135
136
255
8
1
255
,Z
9
1
136
255
,
9
1
120
136
255
136
120
,d
9
1
255
255
1
,e
10
1
120
136
255
255
136
120
1
,
Table 4: Weight distribution of some codes

Proposition 6.1
Let G be a permutation module of degree 255 with an irreducible submodule of dimension 8. Then
the following hold:
i) The code C,Z is a k255, 8, 128l optimal, self orthogonal, doubly even and projective code. Its
2
dual C,Z
is a k255, 247, 3l code.
ii) Aut(C,Z ) = L (2)

Proof
i) Computations by MAGMA shows the hull of ,Z has dimension 8 which is precisely the
dimension of the code. This implies that ⊂ 2 this shows that the code is self orthogonal. The
code ,Z is a one weight code whose weight enumerator is1 + 255o Z . Since 128 ≡ 0 qr 4,
the code is clearly doubly even. 2 has minimum weight 3, therefore the code is projective. The
optimality of the code is given by MAGMA and also from Grassl online tables.
ii) The code ,Z is spanned by its minimum weight codewords and these form the blocks of a
symmetric 1 − (255, 128, 128) design, we have that stu(v) ≤ stu ( ,Z). By the fundamental
theorem of projective geometry, the automorphism group of D is wΓ (2) and the order
|stu(v)| = 2 . 3 . 5 . 7 . 17.31.127 = xstu ( ,Z )x. Therefore stu ( ,Z ) = wΓ (2). Let y̅ be the
automorphism group of the code. By construction, all codes have  (2) ≤ y̅ . The composition
series for y̅ found using MAGMA is 1{̅ ⊴  ⊴ y̅ which is actually a chief series for y̅ . Hence N is a
non abelian chief factor of y̅ . The order of N is the same as the| (2)|. Therefore ≅  (2). Hence
the automorphism group of the code ,Z is  (2).

Remarks

i)
ii)

The codewords with minimum weight in ,Z represent the points in the projective
space PG (7, 2). The stabilizer of a point of the action of G on the points of the projective
space is a group isomorphic to the group 2a : [ (2)with index 255.
The code ,Z has 255 codewords with minimum weight. Since ,Z is a [255, 8, 128]
code, the words of minimum weight generate the code.

Proposition 6.2 The code C, is a k255, 9, 119l

2
projectivecode. The dual code C.
is a
|255, 246, 3| code. The automorphism group of the code C, is S (2).
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Let y̅ be the automorphism group of the code. y̅ is of order 2Z[ . 3 . 5 . 7.17.. The composition series for
y̅ found using MAGMA is 1{̅ ⊴  ⊴ y̅ which is actually a chief series for y̅ . Hence N is a non abelian
chief factor of y̅ . The order of N is the same as the| (2)|. Therefore  ≅  (2). Hence the
automorphism group of the code , is  (2).

Remarks
i) Given a linear code of length 255 and dimension 9, the best known linear code upper boundary
with these parameters has minimum distance 127 and lower boundary minimum distance 127.
Therefore from MAGMA the code , is a new code.
ii) The weight enumerator of , is 1 + 120o ZZ~ + 255o Z + 136o Zd .Thus ,, has 120
codewords with minimum weight while its dual has 5440 code words with minimum weight. The
group y =  (2) acts on the cosets of ^ (2): 2 with orbits of length 1 and 119. From table 4.1 and
the ATLAS, the elements being permuted by G are copies of ^ (2). The number of codewords
with minimum weight for the code , is equal to the number of cosets of the point stabilizer for
2
this group action. The dual code .
has 5440 codewords with minimum weight. The group
y =  (2) acts on the cosets of d × [ (2) with orbits of length 1,189, 336, 1890 and 3024. From
ATLAS, the elements being permuted by G are the non isotropic lines. The number of codewords
2
with minimum weight for the dual code .
is equal to the number of cosets of the point
stabilizer for this group action.

Proposition 6.3
The code ,d is a k255, 9, 127l optimal projective code and its dual
projective code. The automorphism group of the code ,d is  (2).

2
,d

is a k255, 246, 4l even and

Proof
The optimality of the code is given by MAGMA and also from Grassl online tables. The code and its
dual have minimum weights greater than 3, hence projective. Let y̅ be the automorphism group of the
code. y̅ is of order 2 . 3 . 5 . 7 . 17.31.127. The composition series for y̅ found using MAGMA is
1{̅ ⊴  ⊴ y̅ which is actually a chief series for y̅ . Hence N is a non abelian chief factor of y̅ . The order
of N is the same as the| (2)|. Therefore  ≅  (2). Hence the automorphism group of the code
,d is  (2). From MAGMA, all the weights of the codewords of the dual code are of even weight,
and therefore the dual is even.

Remark
The weight enumerator of the code C,d is 1 + 255xZa + 255xZ + x  and has 255 code words
with minimum weight. The number of codewords with minimum weight is precisely the number of
points in the projective space PG (7, 2). y =  (2) acts primitively on the points of PG (7,2).

Proposition 6.4
2
The code C,e is a k255, 9, 120l self orthogonal, doubly even and projective code and its dual C,e
is a k255, 246, 3l code. The automorphism group of the code C,e is S (2).
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Proof
The weight enumerator for the code C,e is 1 + 136xZb + 255xZ + 120xZd[ . Clearly all the weights
of the code words are congruent to 0 ≡ mod 4. Hence the code is doubly even and self orthogonal.The
proof of the automorphism is exactly as it is in the proof of proposition 6.2.2.

Remark
The code C,e has 136 codewords with minimum weight. The codewords of minimum weight
represent copies of O` (2) , which is the plus hyper plane in the orthogonal space. The dual code
2
C.
has 5355 codewords with minimum weight. The group G = S (2) acts on the cosets of
d`
2 : (Sd × S[ ) with orbits of length 1, 90, 96, 240, 2048, 2880. From ATLAS, the elements being
permuted by G are the 10795 isotropic lines of PG (7, 2). The number of codewords with minimum
2
weight for the dual code C.
is equal to the number of cosets of the point stabilizer for this group
action.

Proposition 6.5
2
The code C, is a k255, 10, 119l code. The dual C,
is a k255, 245, 4l code. The automorphism
group of the code C, is S (2).

Proof
Similar arguments as in the proof of proposition 6.2.2 can apply here.

Remarks
The code C, has 120 codewords with minimum weight. The weight enumerator for the code C,
is1 + 120xZZ~ + 136xZb + 255xZa + 255xZ + 136xZd + 120xZd[ + x  . The codewords with
minimum weight represent copies of O^
 (2) which is the affine hyperplane in the orthogonal space.
The code words with weight 120 and 135 represent copies of O`
 (2)which is the quadratic form hyper
plane in the orthogonal space. The codewords with weight 127 and 128 represent the points in the
projective space PG (2, 7).
Designs
Coding theory has been used to extend designs. In [16] Kennedy extended designs held by vectors of
a code. A binary vector u of weight w is said to determine a block of w points corresponding to the
support of u. In this case, we say that the vectors of a fixed weight w in a binary code of length n, hold
a t – design if the blocks determined by these vectors are the t blocks of a t – design on n points [15].
This means that every set of t coordinate positions occurs as non- zero positions for exactly λ vectors
of weight w. The knowledge of the number of vectors of each weight existing in a code is vital in the
determination of whether or not the supports of these vectors could form a design. For the Galois
field  , the supports are in a one to one correspondence with the code words. The Assmus – Mattson
theorem establishes the connection between codes and designs, in that codes of certain weight in a
q − ary code hold a design and that we can determine the number of codes of such weight [22]. The
theorem provides conditions on the weight enumerators of a code and its dual that are sufficient to
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ensure that support of the minimum weight codes and other codes, yield a t – design, where t is a
positive integer less than the minimum weight.
Most designs arise as supports of codewords of a given weight in a code.
We denote the designs by v, q  = 1,2, … ,5 associated with the code , in the same range. Let
W be a set of codewords of non – zero weight in , ℎ  = 1, 2, … , 5. From the weight
distributions of the five codes, we found all the 1 - designs held by the supports of the codewords and
also the 2 - designs in cases where they existed.
Designs held by the support of the codewords in hii,j for i = 1, 2, . . . , 5

Let w be a codeword of non – zero weight in C,Z fori= 1, 2,. . . , 5. We determine the structure of
the stabilizer of w inAut(C), denoted by Aut (C) and form the designs D from the orbits. We
examine the action of Aut (C) = L (2)or Aut (C) = S (2)on the set W of non trivial codewords of C
and describe their nature. Let M = {119, 120, 127, 128, 135, 136}, for codes C, and fori = 1, 2, … , 5. For
m ∈ Mwe define W = Pw ∈ C, |/ ( )R . For w ∈ W , we take the image of the support of
w under the action of G = S (2)or G = L (2) to form the blocks of the t − (255, m, k  )designs

=  where k  = |(w )D | × and show that Aut (C ) acts primitively on  . In lemma 7.1, we

show that for all m ∈ M, the stabilizer Aut (C) where H < Aut ( C )is a maximal subgroup of Aut (C
).

Lemma 7.1
Let ,Z for i= 1, 2,. . . , 5.and 0 ≠  ∈ . Then stu ( ) is a maximal subgroup of Aut (C). Also, the
design D obtained by orbiting the images of the support of any non – trivial codeword in C is primitive.

Proof : All the codes C, for i= 1, 2,. . . , 5.have either S (2) or L (2) as the automorphism group. We
consider the action of these two groups on the codewords of weight m ∈ M separately.

. Let C be the codes C, for i= 2, 4, 5 and M =
Case I: Suppose Aut (C) = S (2)which we denote byG

{119, 120, 127, 128, 135, 136}. In all cases of m ∈ M, W is invariant under the action of G. Therefore
is transitive on each W . By the orbit stabilizer
each W is a single orbit under this action and so G
: G
 x ∈{119,120,128,135,136}. From table 1 the table of maximal
theorem, we conclude thatxG

subgroups ofS (2), @S (2)E ∈ PO^ (2): 2, O` (2): 2, 2a : S[ (2)R. Since S (2) is transitive on the code


coordinates, the code words of W form a 1 - design  with the number of blocks being the indices
of @S (2)E inS (2). This implies that S (2) is transitive on the blocks of  for each W . Since


@S (2)E is a maximal subgroupof S (2)for m ∈ M we conclude thatS (2) acts primitively on


 .

Case II: Suppose Aut (C) = L (2). In this case C, for i= 1, 3 and M = {119, 120, 127, 128, 135, 136}.

For all the choices of m ∈ M, we have(w ) () . Thus W is a single orbit of L (2).. Similar arguments
as in case I, show that@L (2)E is a maximal subgroup of L (2) and that L (2) acts primitively on


the designs  . In table 5, the first column represents the codewords of weight m (the sub index of
m represents the codes from where the codeword is drawn), the second column shows the parameters
of the t - designs  as defined in sub – section 6.1, the third column lists the number of blocks of
 and the fourth column indicates whether or not a design
 is primitive under the action
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ofAut(C). This information is useful in giving a geometrical interpretation to the codewords of
minimum weight.
We take the supports of the code words of non - zero weights in C, and orbit them under the action
of S (2) to form the blocks of designs  on whichS (2) acts primitively on points and blocks. Our
results are summarized in table 5.
m
1193, 5
1204, 5
1272, 5
1282, 5
1353, 5
1364, 5

Number of blocks
120
136
255
255
255
255
136
120



1 – (255, 119, 56)
1 – (255, 120, 64)
1 – (255, 127, 127)
2 – ( 255, 127, 63)
1 – (255, 128, 128)
2 – (255, 128, 64)
1 – (255, 135, 72)
1 – (255, 136, 64)

Primitive
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes

Table 5: Primitive t – designs invariant under Aut ( C )

Proposition 7.1
Let M = {127, 128) and N= {119, 120, 136, 137}. Let
m. Then the following hold:

 be

i) Form ∈ M the automorphism group of the 1 - design
ii) Form ∈ M the automorphism group of the 2 - design
iii) Form ∈ N the automorphism group of the 1 - design

the design held by the codewords of weight
is L (2)
 is L (2)
 is S (2)


Proof
i) Let  be the symmetric 1 - design. By construction S (2) ⊆ Aut (C, )and S (2) is a primitive
group of degree 255. It follows that Aut @C, Eis a primitive group of degree 255. Since there are
exactly 255 codewords of weight 127 and 128, we use this fact to determine the automorphism
group of the design as a set of permutations that preserve the set of the weightof codewords.
LetG be the automorphism group of the
1 - design. Using MAGMA,

| = 2 . 3 . 5 . 7 . 17.31.127. The composition series for G
 is 1D ⊴ N ⊴ G
which is actually a
the|G


chief series for G. Hence N is a non abelian chief factor of G. The order of N is the same as
 = L (2).
the|L (2)|. Therefore N ≅ L (2). Therefore G
ii) We consider the action of Aut @C, E = L (2)for i = 1, 3. G acts 2 - transitively on the set of
coordinates of C, and the support of a codeword of any fixed non zero weight in C,will yield
a 2 - design. Since C, is spanned by the codewords of weight 128 and 127 respectively, and these
codewords form the blocks of a symmetric 2 - (255, 127, 63) and 2 -(255, 128, 64) designs  we
have that Aut (  ) ⊆ Aut @C, E. By the fundamental theorem of projective geometry, the
automorphism
group
of
the
designs
is
PΓL (2)
and
by
order
   
|PΓL
xAut@  Ex = 2 . 3 . 5 . 7 . 17.31.127 = xAut @C, E. x Therefore xAut@  Ex =
The
 (2)|.
composition series forAut (  ) shows that it is a simple group and by the classification of simple
groups we get that Aut (  ) = L (2).
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iii) Similar arguments hold as in the proof of i) in proposition 6.3.1

Remarks
The codewords of minimum weight in C,Zrepresent the points of the projective space PG (7, 2)
or the isotropic points of the orthogonal space. They also represent the blocks of the 1 - (255, 128,
128) symmetric design and the 2 - (255, 128, 64) designs of the points and hyperplanes of PG (7,
2). Thus the minimum weight codewords are the incident vectors of the blocks of the designs
and hence spanning vectors of the code. S (2)acts primitively as a rank – 3 group on the points
of the projective space PG (7, 2) and the stabilizer of a point is 2a : S[ (2) which is maximal in
S (2). The primitive action of S (2) on 2a : S[ (2) gives three orbits of length 1, 126 and 128. The
codewords of minimum weight in C,Z represent the index of this coset action. That is,
kS (2) ∶ 2a : S[ (2)l = 255.
ii) NB: there are 255 codewords with minimum weight 128 inC,Z. In C, for fori = 2, 3, 4, 5 there
are 255 codewords with weight 128 and thus represent the blocks of the same designs.
iii) Codewords of weight 127 (which is minimum weight in C,) represent the blocks of the 1 (255, 127, 127) symmetric design and 2 - (255, 127, 63) design. Codewords of weight 119 (which is
minimum in C,d and C,) represent the blocks of the 1 - (255, 119, 56) design. Codewords of
weight 120 (which is minimum in C,e) represent the blocks of the 1 - (255, 120, 64) design.
Codewords of weight 135 represent the blocks of the 1 - (255, 135, 72) design and codewords of
weight 136 represent the blocks of the 1 - (255, 136, 64) design.
iv) The symplectic group S (2)acts as a primitive rank-3 group of degree 255 on the points of the
projective space PG (7, 2). The orbits of the stabilizer of a point α are of length 1, 126 and 128. The
point α together with the points of the orbit of length 126 form a hyperplane which is the image
of the absolute point α under the symplectic polarity [14]. The symmetric 1 - (255, 128, 128)
design formed by orbiting the orbit of length 128 is the complement of the design of points and
hyperplanes obtained by taking the union of the other 2 orbits. The union of the orbit of length 1
and length 126 give a 2 - (255, 126, 126) symmetric design and its complement is also a 2 - (255,
128, 64) design.
v) By the fundamental theorem of projective geometry, the automorphism group of the design of
the points and planes and hence the complementary design is the full projective semi linear
group PΓL (2)
vi) Let G be the simple symplectic groupS? (q), n > 4 and q any prime power, acting as a rank – 3
i)

group of degree

# ^ Z
#^Z

and let

be the 1 - 

# ^ Z
#^Z

, q?^Z , q?^Z symmetric design. Then

is a

symmetric 2 – design with automorphism group PΓL (2)which properly contains the
automorphism group of S? (q) and Aut ( ) ≮ Aut (G) [14].
vii) By taking the action on the symmetric design of points and hyperplanes of the PG(7,2) space or
its complementary design, the symplectic groupS (2)in its natural primitive rank – 3 action on
the points of the projective space PG(7,2) does not satisfy the conjecture of Key and Moori
(section 7 in [11]). For the sake of completeness of this paper, we state the conjecture here: “any
design obtained from a primitive permutation representation of a simple group G will have the
automorphism group Aut (G)as its full automorphism group unless the design is isomorphic to
another one constructed in the same way in which case the automorphism group of the design
will be a proper subgroup of Aut (G)containing G”.

21

IJEMS

Lydiah Rukaria

Graphs of the design ¡ii,j

All the graphs of the designs are regular and the vertices are primitive on the points of the blocks. In
table 6, the first column represents the supports of codewords w in , orbited under the action of
 (2)to form the blocks of the designs  , the second column gives the number of vertices of the
graph , the third column lists the number of edges of the graph and the fourth column shows the
valency of the graph. From a C,Zcode k255, 8, 128l with 255 codewords with minimum weight, we
get a symmetric 1 – design 1 – (255, 128, 128) with 255 blocks which holds the graph
Γ = (255, 128, 64, 64). This graph is a symplectic graph Γ = (2 − 1, 2^Z , 2^ , 2^ ), m = 4.
This graph is a known strongly regular graph with spectrumk128lZ , k8lZZ~ , k−8lZd . The complement of
this graph is also a strongly regular graph Γ¢ = (255, 126, 61, 63) with spectrum k126lZ , k7lZd , k−9lZZ~ .
w
119
120
127
128
135
136

Vertices (V)
120
136
255
255
136
120

Edges (E)
7140
9180
32385
32385
9180
7140

Valency
119
135
254
254
135
119

Table 6: Parameters of the graph Γ = (V, E)
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